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Abstract 

The effect of the Maguejo-Smolin (MS) transformations on a straight 
line in the energy- momentum space will be studied. We will interpret 
the slope of this line as velocity dE/dp, which can leads to addi¬ 
tion rule for the velocities in the MS doubly special relativity (DSR) 
case. Relation between two expressions dE/dp and p/E for velocity in 
the momentum space will be investigated more and the energy depen¬ 
dency of the velocities in the DSR theories is related to the geometrical 
properties of the lines under DSR transformations. The images of two 
parallel lines under the MS transformations will be studied and we will 
compute crossing point of these lines under the MS transformations 
in the energy-momentum space. The linear-fractional transformations 
don’t keep parallelism. The crossing point is on a line in the energy- 
momentum space with a constant momentum Ep/c. 
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1 Introduction 


We begin by studying the effect of the Lorentz transformations in the (1 
+ 1) dimensional energy-momentum space on a straight line. The Lorentz 
transformations map a straight line to another straight line in the energy- 
momentum space. From this property we can obtain the Einstein’s addition 
rule for the velocities from slope of this line. In continuation, we study 
the effect of the Maguejo-Smolin (MS) transformations on a straight line in 
the energy-momentum space. Also, we interpret the slope of this line as a 
velocity dE/dp and we will obtain an addition rule for velocities in the MS 
doubly special relativity case. However, introducing velocities in the doubly 
special relativity (DSR) theories is a difficult problem, and there is a long 
discussion for introducing a convenient velocity [IllSllaliaElEllTllH]. For 
example, in the MS DSR which is a very simple example of DSR theories, 
introducing dE/dp as velocity will bring the properties of particles, such as 
energy, momentum or even mass to the definition of the velocity. In this 
paper, we relate the dependency of the velocity on the energy or momentum 
to the geometrical properties of the MS transformations and image of a line 
under these transformations. 

Images of the two parallel lines in the energy- momentum under the 
Lorentz transformations will remain parallel, but under the MS transfor¬ 
mations these lines will cross each other. We will find the coordinates of this 
crossing point which depends on the energy scale of the MS DSR i.e. the 
Planck Energy Ep . 

Finally, we will compute a general formula for combination rule of the 
velocities in the MS DSR by taking derivatives from the MS transformations. 
This computation will bring our arguments and calculations to a harmony. 
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2 Image of a line in the Energy-Momentum 
space 

2.1 The Lorentz Transformations case 

The Lorentz transformations in the (1+1) dimensions are 


P'l = 7(Pi - m), 
Po = 7(Po - vpi), 


( 1 ) 


here we have taken the pi component in x-direction and we have assumed 
c = 1. 

We take the equation of a line in the momentum space which passing 
through ((po, +i) point as 

Po = V'Pi + Ho, (2) 


where we have put IIo = <po ~ V'+i- For niassive particles this line can be 
interpreted as a tangent line in the [po, pi) point to the mass-shell of a 
massive particle in the Energy-Momentum space. This tangent line has been 
shown in Fig. 1. In fact, the mass of this massive particle will be 




(3) 


The Lorentz transformations Eq.(IT]) map the line in Eq.([2]) to 


Po 


f , Hq 

V 1 — 7(1 — u) 


^'p'l + K 


(4) 


If we interpret i/j as the velocity of the particle, then the linearity of the 
Lorentz transformations will show that rjj' is in the form of the Einstein’s 
combination rule for velocities 


V’ - 

1 — ifju 


(5) 


The interpretation of ip as the velocity is not so strange, because in classical 
mechanics we have the Hamiltonian expression 



( 6 ) 
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Figure 1: Tangent line to the mass shell at (</9o, (pi) 
for the velocity. But we have also another expression 

= ^ (7) 

which can be interpreted as the velocity. Our notations for these velocities 
is from [6]. 


2.2 The MS Transformations case 

The MS transformations in (1+1) dimensions are 

l+ip(7-l)P0-^p7“Pl ’ 
'yjpi-upo) 


Po 


( 8 ) 


Pi = 


l+h(7-l)P0-^p7“Pl ’ 


in which L is the Planck length. These transformations map the straight line 


Po ^ i’Pi + Ho 


(9) 


to 


Po = 


V’ — M + Bo/pU 


l-i/ju- Uolpi'y - l)/7 


Pi + T 


Bn 


7 - 7V’M - Bo/p(7 - 1) 


( 10 ) 
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The combinations rule for the velocities will be 


, V -u + liolpU 

^ 

l-vu- no/p(7 - l)/7 

As in the Lorentz case we can interpret ip as the velocity. Please, note 
that this expression is a combination rule for a particle with constant velocity 
V in the S system. The more general formula will be obtained in the section 
5. Here, unusual matter is the appearance of energy and momentum through 
ffo = ~ in the expression for the relative velocity. 


3 Images of two parallel lines in the Energy- 
Momentum space 

3.1 The Lorentz transformations case 

Under the Lorentz transformations the images of two parallel lines are parallel 
lines. However, the interpretation of a line in the Energy-Momentum space 
is difficult, but as discussed in section 2, we can draw a straight line tangent 
to the every point of the mass shell of a particle in the energy-momentum 
space. We can also draw two parallel lines as tangent lines to the mass shell 
of a massive particle which are shown in the Fig. 2 . Images of these parallel 
lines under the Lorentz transformations will be parallel, but rotated in the 
(po,Pi) plane and we have not drawn them. However, we can assume any 
two parallel lines in the energy-momentum space, the parallel lines which 
are tangent to mass shell in the Fig. 2 are good for study of the effect of 
the Lorentz transformations on the rest mass of a particle and its conjugate 
antiparticle. 


3.2 The MS transformations case 

We want to study the effect of the MS transformations on two parallel lines 


Po = pJPi + Ifo, 
Po = ^Pi + flo. 


( 12 ) 
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Figure 2: Two parallel lines in the Energy-momentum space which are tan¬ 
gent to the mass shell 


in the energy-momentum space. The MS transformations map these lines to 

'ilj—u-\-TlolpU 


Po = 


Po = 


1—pii—noip(7—1)/7 
•tp — U+IlQlpU 


_ i-'!/)M-noip(7-i)/7 

These lines cross each other at 

1 — ifju 


P'l + Ho/ 7 - IiIju - Uolpi'y - 1) 
P'l + Ho/ 7 - li’u - Ilolph - 1) 


(13) 


{Po,p'i) = - V’' 


Ir. 


u + 'rp{l — 7)/7 


+ n[„ 


1 — tl)U 


u + 'rp{l — 7)/7 


, (14) 


in these formulas xjj' and Hq depend on the initial coordinates <pi) and 
are given by 




V — u + TiolpU 
l-vu- no!p (7 - l)/ 7 ’ 


(15) 


and 


n' 


_no_ 

7 - '■pilJU - no/p(7 - 1) 


(16) 
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Figure 3: Images of the two parallel lines in the {Po,p[) under the MS trans¬ 
formations 


For higher velocities 7 >> 1, the expressions for the coordinates of the 
crossing point can be rewritten in a more simpler form 


(rt.p'i) 


ip ip / 


Er, 


po - 'ippi 


7 


+ ippi) 



(17) 


These points are on a line p'^ = —Ep/c which has been drawn as a dashed 
line in the Fig. 3 


4 Definition of the Velocity 

In the standard special relativity by taking derivative of 

E"^ = p^ + m? (18) 
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with respect to p, we obtain 


dE p 
lp~E' 


( 19 ) 


which shows that in the special relativity two expressions for velocities vh 
and vg are eqnal 

Vh = Vg- ( 20 ) 


For the MS transformations, we can hnd a relation between these two 
dehnitions of the velocity by taking derivative from the dispersion relation 
for the MS DSR 


E‘^ — p^ 

(1 - E/E,) “ 


( 21 ) 


with respect to p, which yields 


dE 

dp 


p 


E 


1 + ii:(i - eIE,) 


( 22 ) 


in these formulas Ep is the Planck energy. Thus, 


Vh 


_wg_ 

l + lfc(l--E/Sp)' 


(23) 


As evidently seen from this relation if we dehne vg as independent parameter 
from the mass or energy of the particle, then vh will depend on the mass 
of the particle. Thus, we can’t get ride of energy or mass dependency in 
the dehnitions of these velocities. There is a long discussion in the DSR 
literature that which formula should be interpreted as velocity dE/dp or 

p/E [H [2i m n El El [a ig. 

In the MS transformations, because of the equality of the denominators, 
dehning vg = p/E as velocity is like to the Lorentz transformations case and 
it has a well dehned rule under the MS transformations. On the other hand , 
if we dehne the velocity as vh = ^ , this velocity will depend on the energy 
and momentum of the particle as seen from Eq. ffTTj) . 

These is also an important diherence between expressions for the combi¬ 
nation rule of the velocities in the Lorentz transformations case Eq.(E]) and 
the MS transformations case Eq. flTT]) . The value of IIo , which depends on 
initial point {po, pi) of a straight line in the momentum space has not been 
entered in the expression for the combination rule in the Lorentz case. But, 







the appearance of IIo in Eq. ffTT]) can be intercepted as a trace of an energy- 
scale Ep in the MS transformations. 

Also, the meaning of a line in the momentnm space or momentnm plane 
(po,Pi) is not so clear. We nsnally identify any point (E,p) in the momentnm 
space as an energy and momentum of a physical particle. For a free particle 
which has a constant energy and momentum, this point will remain stationary 
in this space. If we apply any force on this particle which can modify the 
energy and momentum of this particle we will reach to another point of the 
momentum space. 


5 The general Linear- Fractional transforma¬ 


tions and MS DSR 


In the Momentum space we can write a general Linear- Fractional transfor¬ 
mations between(poPi) and (PoPi) systems as 



in which is the elements of a linear transformations matrix elements 
and tto and ai is the parameters which shows deviations from the linearity. 
For the MS transformations we have 



(25) 


^0 Ipli'y. 

By differentiating Eq. fl2^ we will find v'h = dpo/dpi as 


(26) 


(. 4 oo - aQao)v + (2I01 - ttiao) + (/loitto - ^wOi){Po - vpi) 


(27) 


(/lio - aoai)v + (/In - Oia,) + (Auao - /liotti)(po - ^Pi) 
or in the compact form 


_ Appu -|- Aqi — p[{aiv + cxq) 
^ Aiov + All - pQ^aiv + ao)' 


( 28 ) 
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For the MS transformations case we find 


, _ V - u + lpu{po - vpi) 

If we take a line in the momentnm space as po = vpi + IIo we reach to the 
Eq. lfTTD . which is a special form of this eqnation. We had some discnssions 
in the end of section 2 for the energy and momentnm dependency of the v'jj. 
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